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TEOPETHUKO-ITPOBUI1 AHAJII3 INTAHYBAJIbHUKIB
Y BATATOITPOHECOPHUX CUCTEMAX. IMITAIHIMHA MOJIEJIb

O.I1. Ienamenxo, B.AI. Ooobecky

B nmaniii po0OTI AOCTIIKYETHCSI irpoBa MOJETIb B3a€MOJIi KOPHCTYBAuiB, IO BUKOHYIOTH MapaielibHi OOYHCICHHS y reTepOreHHii
GararompouecopHiil cuctemi. Ha mpuknazai 3agadi MHOXKEHHS MaTpUlb MOOYZOBAHUH MiAXil JO HOTOKOBOIO MOJEIIOBAHHS IPOLECIB
IUTaHyBaHHS. IIpomoHyeThesl irpoBa MOZENs B3a€EMOJIl, e CTpaTerisiMu € BUOIp ONOKy po3pi3aHHS MaTpuIii. 3HaliieHI OIIHKH CTaHy
PIBHOBAard Ta MPOBEICHI eKCIIEPHMEHTH, IO MiATBEPKYIOTh TEOPETHYHO OTpUMaHi pe3ynbTaTi. 1lo0ynoBaHa imiTaliiiHa MOzeb, Ka
JIEMOHCTpY€E TOYKHM piBHOBaru Hera y rpi B3aeMoii KoprcTyBadiB.

Kiro4oBi coBa: mapainenbHi 0049HCIICHHS, Teopis irop, piBHoBara Hemra, imiTanilina Mozens.

B pabore uccnenyercst urpoBasi MOZENb B3aUMOACHCTBHS 0JIb30BATENCH, BHIIOIHAIOMINX apauIeIbHbIC BBIYUCICHHUS B T€TEPOreHHOM
MHOTOIIPOLeCCOpHO cucTeme. [IpesiosKeHHbII HOX0A MPUMEHSACTCS K 3alaue YMHOKCHHUsSI MAaTPUIl C UCIIOJIb30BAHUEM IIIAHUPOBILUKA
MUH-MHH. /lelicTBHEeM ITOIb30BaTeNei B 9TOM Cllydae sSBJISETCs pa3Mep OJOKOB, Ha KOTOPBIE pa3pe3aeTcsi MaTpuia. JDKCIePUMEHTAIEHO
HOJIy4CHHbBIC XapaKTEPUCTUKM CUCTEMbI ObLIM HCIIOIb30BAHBI AJI1 HACTPONHKHM HMHTALMOHHONW MOJIE/IH, YTO ITO3BOJIMIO H3MEPUTh OLICHKY
BpPEMEHU 3aBeplIeHMs pabOTHl Ul BCEX BO3MOXKHBIX KOMOMHALUMH pa3OMEeHHs 3adad MO IMPOLECCOpPaM M IOCTPOUTH MOBEPXHOCTD
BPEMEHH OKOHYaHUS PAa0OTHI ISl KaXKAOTO II0JIb30BaTeNs. llomydeHHBIE pe3ynbTaThl ObLIM OOOCHOBAaHBI M OOOOLIEHBI HAa OCHOBE
UTPOBOTO MOAXO/A, B YACTHOCTH IIOKA3aHO CYILIECTBOBAaHHS TOYKM paBHOBecus Helra B Mrpe B3aMMOACHCTBHS ABYX IOJIb30BaTENCH H
HaiizieHsl ycnosus ee [Tapero HeaddexTuBHOCTH.

KiroueBble cioBa: napaulelibHbIEe BHIYMCICHHS, TEOPHS HTP, IOTOKOBAsi MOZIENb, paBHOBecHe Helra, MMUTAIIMOHHAST MOJIEIb.

This paper deals with a game model of users performing parallel computing in a heterogeneous multiprocessor system. The proposed
approach is applied to the problem of matrix multiplication on the system with the scheduler of min-min type. The user’s action is to
choose the size of the blocks into which the matrix is cut. Each user tries to optimize own finish time, which leads to conflict. Using the
game theoretic approach, we build game model and found the conditions of Nash equilibrium existence in the scheduling game of two
users. Simulation program was built to provide experimental data.

Key words: parallel scheduling, game theory, fluid model, Nash equilibrium, simulation.

Beryn

CyvacHi TpHWKJIagHI HAayKOBi 3amadi BHMaraloTb 3HAYHHX OOYHCIIOBAFHUX pecypciB, TOMY 3ajaada
ONTHMIi3alil NPUKIATHUX 334ad y 0araToNponecOpHUX CEepelOBUINAX 3aliMae YW HE HaWIepIue Miclie B Ipolieci
pPO3pOOKM TakWX BUCOKOIPOJAYKTHBHHMX mporpaM. EdexkTuBHe BHKOHAHHS OOYHMCIEHb BHMAara€ BHKOPUCTAaHHS
e(eKTUBHUX MapayebHUX AJTOPUTMIB, IIBUJKOAIS SIKUX y CBOIO Yepry 3aJie)KHTh BiJl KOHKPETHOTO CEpeJOBHIIA
BHKOHaHHs. HeoOXinHicTh onTHMi3anii BUHUKAE TOMY, IO Ha eTalli MPOEKTYBaHHs 3aCTOCYBaHHS 4YacTille 3a BCe
iH(dopMalis PO cepeoBHIIe BUKOHAHHS BiJICYTHs. | HaBiTH sKIIO KOH}Irypamis BijjomMa, TO Maike HEMOKIUBO
BM3HAYUTH TaKy KOHOQIrypaiioo mnporpaMu, 3a s[Koi oOYHMCIeHHs OyAyTh BHUKOHYBATHCS 3 MaKCHMAaJbHO
e(eKTHBHUM BHUKOPHCTAaHHSIM PECYpCiB CHCTEMH. AHAIITHYHE MOJENIOBaHHS J103BOJIsi€ (hopMaiizyBaTu poOOTy
CUCTEMHU, MOBEAIHKY KOPHCTYBAYiB i 3aJIy4uTH iX y moOynoBany Moxaeib [1, 2]. KoxeH rpaBenp TyT € aBTOHOMHHUM
areHToM, IO NparHe OTPUMATH INE€BHY YaCTHHY OOUYMCIIOBAIBHOrO pecypcy. llpumyckaroum, mo rpasmi JIiIOTh
pamioHaThbHO — TOOTO MAaKCHMI3YIOTh CBOIO (D)YHKIIFO KOPHUCHOCTI MOKHA 3IHCHUTH aHalli3 OTPHMaHOi TpH.
KiroqoBuM eneMeHTOM aHalli3y € MOUIYK TOYKH PiBHOBAaru Ta ii XapakTepucTHKa. PiBHOBara — 1e o/iHa 3 TOJIOBHUX
ine#t teopii irop. bykBaabHO — piBHOBa)KHUI CTaH BiANOBiAae cuTyalii, KOJM IpaBIi JAOCSATIN MaKCUMyMy CBOiX
¢yHK1i KopucHOCTI. B 3anexHocTi BiJ 30BHIMHIX ()aKTOPiB MOXJIMBI CTiHKi i HecTiliki piBHOBaru. HaiOinpm
BiZIOMOIO € piBHOBara 3a HemieMm: MHOXMHA CTpaTeTiil IpaBIiB yTBOPIOIOTH piBHOBAary 3a Hemem, sKIo HIXTO 3
HOX HE MOXE MOKPAIIUTH CBOIO (YHKI[I0 KOPHCHOCTI 3MIHIOIOYM OKPEMO CBOIO CTPATETii0. |HIIMMH cloBaMHU
KOJKEH I'paBeIlb BUKOPUCTOBY€E HAMKpAIly MOXKIIMBY CTPATETiI0 Y BIAMOBiAh Ha cTpaTerii CBOiX OMOHEHTIB.

1. TeopeTuko-irpoBe Mo/e/II0BAHHS NPOLECIB IVIAHYBAHHA

B pobGotax [4, 6] Oyna moOynoBaHa aHAIITHYHA MOJIENb AITOPUTMY MHOXEHHS MaTpPHIIb, SKa J03BOJISE OLIHUTH
ONTUMAJIBHUI 332 4aCOM PO3B’SA30K.

KopoTko HaragaemMo OCHOBHI BU3Ha4eHHs. Hexall cuctema CKIagaeThes 3 M OOYMCITIOBAILHUX €IEMEHTIB Ta
KOYKEH 3 HUX XapakTepH3yeThCsl IBUAKICTIO podoTH P;, 1=1...,M — T0OTO KiNBKICTIO OMepallii 3 MIIaBal900 TOYKOK

3a CeKyHY, SIKi BiH Moxe 3aiicHuTH. [Iporiecopu 3’eHaHi JiHIsIMU 3B’S3KYy 3 IUIAHYBaJBLHUKOM, SIKMH INepenae 3a1adi
Ta mpuiiMae BiJ HUX pe3ynbTaT. ByaeMo BBajkaTH, IO JiHIi 3B’ 43Ky iJEHTUYHI Ta MAalOTh IIBUAKICTh Nepeaadi TaHux (

Ta 3aTpUMKY |.
ByaeMo BBaxaTH, 110 BAKOHYIOTLCS HACTYIIHI IIPUITYIEHHS

1.  Bci nporecopu mounHa0Th poOOTY OJHOYACHO.
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2. IlnanyBanbHUK 3/iHCHIOE TPU3HAYCHHS MUTTEBO.

Hexait 3amani nBi kBagpaTHi MaTpuri po3MipHOCTi N x N, pe3ynbpraT MHOKEHHS SIKHX HEOOXiTHO OOYUCIUTH.

[Ipn BUKOpUCTaHHI OJIOYHOTO AJITOPUTMY KOPHCTYBau 3aja€ po3Mip Onoky N, B pe3ymnbrari 4oro (GopmyroTbes
2
k =—- 3anad, KoxHa 3 AKMX OyJe MaTH CKIAJHICTb O(n?) . TpumycTHMO, 10 TUIAHYBATLHHK 3a06€3IeUye TePECHIKY
n
MIOBIZIOMJICHb Ha BY3JIM 3a IEBHUM (hiKCOBAHWUM aJITOPUTMOM, AKUii 3aBepirye obunciaeHHs 3a 9ac T(N,n) . Toxi 3amayda
KOPHCTYBa4a MOJIATAE Y TMOITYKY MIHIMyMY (YHKIIIi:

T(N,n) — min .

dyukiis T(N,N), B3arani kaxyds, Moske MaTH 0araTo JNOKalIbHHUX MiHIMyMiB (B 3aleKHOCTI Bif

00YHCTIOBAIEHOI CHCTEMH Ta IUTAaHYBAIBHIKA) OCKITBKH iCHYE MiHIMabHA (piKCOBaHA BEMIMHA 3a/1a4i.
OmHUM 3 PO3IOBCIOKCHUX MIAXOMIB MO aHaNi3y TaKUX 3a4ad IOJIrae y AOCIIIKEHHI nomoxkosoi MOIemi
Ja”oro mpouecy [3].

Ipunyctumo, mwo KopucTyBau BuOpas Bektop Xe€R™ 3 kommomentamm X;, me X; =0, X <k, i=1...m,

k

in =k . Bci Taku BekTopu yTBOpioioTh MHOXMHY X (N). KokeH KOMIOHEHT BekTopa X OIHMCYe BiJICOTOK 3aad,
i=1
NpU3HAYEHHX JUI BHKOHAHHA Ha |-ToMy mpouecopi. BymeMo Gpatw o yBaru Timbku omeparii, MHOxeHHS. Take
CHPOLICHHS J03BOJISE Y SBHOMY BUIIIAAl Bunucatu (yHknii yacy. 3aranbHUil yac 3aKkiHYEHHs 3aJIS)KUTh Big X, Ta
JOPIBHIOE

2
T(x,x(n)):i[rl]a)?n %
. i

IlorokoBa Mojens mepeadadae MOXKIHBICTE PO3AUICHHS 3aJadyi Ha «IIMATOYKH» pO3MIpYy &= Nn?,
KOMIIOHYBaHHS 3 HUAX ITIIXOMANINX IMi3a1a4 Ta BU3HAUYCHHS 3arajbHOro gacy npu & —0.

Teepaxennsi 1 [6]. Minimanbuuii yac 3akiHdeHHs1 064KciIeHb (03 MePeCUIIOK) sl TOTOKOBOT MOJIEN 3 OJTHIM
-1

m

KopHcTyBaueM nopisHioe T = N3 Zpi . BigmoBinHO, KOpHCTyBay, Uil JOCATHEHHS ONTHMAIIBHOTO dYacy, Mae
i=1

PO3ALINTH CBOIO 3aJady TaKHM YMHOM, 100 By3ou | oTpumaB p;T oOuHCIEHS.

@ynkuis MiHKOBCBKOTO JUII MHOKHHA X Ta Bektopa P e R™ BH3HAYAETHCS HACTYITHUM YHHOM:
Hy (p)=inf{A>0:peiX}.

Bimomo, mio 1151 QyHKIiS omykira s omykioi X .

Bu3HaunMo MHOXHHY TIOTYXHOCTEH cucTeMu R = {r eR™:r; €[0, p; ]} Ta MacmTadyeMo i HACTYITHIM YHHOM:

1
R(n)=—=R.
(n) .

Toni
T(x, X(N)) = tr(ny (X) -

Hosenennst. Po3rissHEMO MpaBy YacTUHY: g (X) =INf{1 >0:xe AR(n)}. YmoBa HanexHocti BekTopa X

. R X;
MHOXHHI R 3amucyerbes y BUrIsiAl Max { — =1, omke
i=1,..m pi

. X A
X)=inf{1>0: max {—~}=—"—
ﬂR(n)( ) hem| Py NR2
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2
. . X;Nn
B immomy Burmsmi A= max { ———

3 BnacruBocteil QyHKUii g (X) BumIMBaE, WO MiHiManbHUMH Yac
i=1,..m pi

Toin = Xn")l(i?n),uR(n)(x) icHye 1 enmHmMA. [ BpaxyBaHHS INEPEeCHIOK MOTPiOHO 3a3HAYUTH, IO AITOPHTM HAACHIIAE
€

2x;Nn eneMeHTiB Ha BINUOBIOHMUI By30J Ta HpUHMae xin2 enemeHTiB. OTXe, CyMapHUil Yac 3aKiHYEHHS 3
ypaxyBaHHSM IEPECHIIOK JOPiBHIOE

x;Nn? X (n2 +2Nn)

T, (%, X(n)) = max
i=1,...m pi q

Teepmxkenns 2 [6]. [cHye MiniMyMm gacy o X —

min T.(x, X(n)).
min T (X (1)

JuckperHa Mmoae/ib 00YMCIeHHS] MHOKEHHSI MATPUILb.
2
Hexait po3mip 610ky N Moxe OyTH TINBKH HUTAM YHUCIOM, MPUYOMY TakuM, 100 K =— Tex OylIo LimnM.
n

Toni miHiMi3amis 9acy Oyae MPOBOIUTHCH IO CKiHUCHHIH MHOXHHI TOYOK

yeR™:y, €{01,..k},
Y (n)= D yi=ki=1..m

3po3ymiJio, mo
Y(n) < X(n).
BBenemo moHATTS IUaHyBajbHUKA. CrouaTKy KOpPHCTYBad BHOUpae po3Mip OJIOKY N, B pe3ysbTaTi 4oro
dopmyeTbes MHOXUHA Y (Nn) . Ll MHOXKHHA onucye BCi MOKIIMBI PO3TalllyBaHHA 3a/ia4d Ha IPOLECOPax.
. . . * ™ . .
IInanyBanbHUK BiAnoBinae 3a BUOip KkoHkperHoro Yy €Y(n). B nanii poGOTi MM pO3IISHEMO NPOCTi
IUIAaHYBAIBHUKH THITy EXIrextr . OJuH 3 IMPOKO BXKMBAHMX ILUIAHYBAIBHUKIB TAKOTO THIy HasuBaethcss MINMIN i

BiH BUOMpAa€ PO3MOJIiI 32 HACTYITHUM aJITOPUTMOM:

1)  dopmyerbest uepra 3 K 3amau, KoxkHa 06CArOM OGUHCIIEHD Nn?;

2) BuOHMpaeThcs 3aja4a 3 HaWMEHIIUM 00cCsAroM oOuMclieHb. (B JaHiil poOOTI PO3IISIIAETHCS BHUIAIOK
OJTHAKOBHX 33/1a4, TOMY BUOHPAETHCS TOBLIIBHA);

3) 3amaua HAACWIAETHCS HA BIJIBHUIA MPOILECOpP 3 HAHOIIBIIOW MOTYXHICTIO (TOOTO MIHIMI3YEThCS Yac
BHUKOHAHH!), SIKIO BUIBHUX IPOIECOPIB HEMAE, YEKAEMO TTOKH 3’ SIBUTHCS;

4)  AKIIO 3TUIIMINCH 32124l y 4ep3i, TO IOBEPTAEMOCH JI0 IIYHKTY 2.

Teepmxenns 3. [6] st Oyap-aKOro N BUKOHYIOTHCS HEPIBHOCTI:

Tg(n)= min T(y,X(n))= min T(x, X(n)).
yeY (n) xeX (n)

2. HexkoonepaTuBHa irpoBa Mo/jeJib JIAHYBAHHSI MHOKEHHSI MATPHIb

HekoonepaTuBHa Trpa oOmHCye CHUTyalil0o NPUHHATTS pIlleHb TPaBIFIMH 3a YMOB KOH(QJIIKTY IHTEpECiB.
[lixg TepMiHOM rpaBelb TYT MH PO3YMIEMO KOPUCTYyBada, SKWH BILUTUBAE HAa CUCTEMY LUIAIXOM BHOOpPY cTparteriii —
Nili, sIKi BiH MOXE 3aCTOCOBYBaTH. B 3aiexHOcCTi Bij Aiil HOro Ta iHIIMX yYaCHUKIB BiJOYBA€ThCS BH3HAYCHHS
BHUTpamIiB rpaBIiB. ['0BOpATH, 10 IpaBelb pamioHAIBHUHN, SKIO HOTro il CIpsSMOBaHI Ha MaKCHMI3allil0 BIACHOTO
BHTpAITYy.

Sxmo y rpi mpuiimMaroTh ydacTh Xoda O JBO€ yJaCHUKiB, MOXKIIMBA CUTYaIlis, KOJU MEPIIUH TrpaBellb MOXKe
MMOKPAIIUTH CBif BHIpaml 3a paxyHOK 3MEHIICHHS BUTpAIly iHIINX. B TakoMy BHIAAKy KaXXyTh MPO KOHQIIKTHY
B3aeMOi10. YaCTUHHUM BHITAJIKOM KOHQJIIKTY € CUTYyaIlisl ITOBHICTIO MPOTHJIKHUX IHTEPECIB - KOJHM BUTPAII OJHOTO
€ TIporpaiieM iHmoro. Taki irpd Ha3WBaIOTh AHTATOHICTUYHUMH 200 irpamMu 3 HYJIBOBOIO CYMOIO.

77



IHapanenvne npozpamysanns. Poznoodineni cucmemu i mepeynci

3ayBa)kuMo, 1110 HEKOOIIEPAaTHUBHICTh HE O3HAYa€, 1110 IPaBLli B3araji He KOONEPYIOTHCS, a TUIBKH Te, 110 HEMAE
30BHIIIHIX TPUYNH, 5IKi O CIPUYUHAIN KOOpAMHALI0 abo y3roJukeHHs ix cTpaterii. By nb-sika Koomeparis o Moxe
BUHHUKHYTH Ma€ BUXOJHUTHU 31 CTPYKTYpPHU TPH 1 BU3HAYATHCS (PYHKIISIMA KOPUCHOCT] YUYaCHHKIB.

I'py Ha3MBaIOTH CTATUYHOIO, SIKIIO I'PABL NPUEMAIOTh CBOI PILlIEHHs OJHOPA30BO, HE3AIEKHO OJMH BiJl OJTHOTO.
B neBHOMY po3yMiHHI, cTaTW4Ha I'pa HE 3aJeXKHUTh Bix yacy. HaBiTe sSKIIO TpaBLi NMpUHAMAIOTH PIIICHHS MPOTAIOM
MIEBHOTO YAacOBOTO IHTEpBANy, SKIIO BOHH HE BOJOMIIOTH iH(GOpMAIi€l0 IIONO i IHIIUX TpaBILiB, Taka Tpa €
CTaTHYHOIO.

VY @uHaMIYHHAX irpax TpaBli OTPUMYIOTh MEBHY iH(OpMAaIifo MOAO0 pillleHh IHIAX YYaCHUKIB 1 MOXYTb
3MIHIOBAaTH CBOIO CTPATETiI0 y Yaci, TOOTO NMpUIMArOTh pillleHHs Oinblie ogHOTO pa3ly. JuHamiuHi irpu € HaiOimpII
CKJIaTHUM JUTSA aHaJIi3y 1 BiIIrparoTh BaXKIIMBY POJIb Y AOCIIKEHHI ITPOIECiB Y Mepexkax [5, 6].

OmnumeMo 3agaqy MHOKSHHSI MaTPHULb Y BUTJIAAI CTATHYHOT HEKOOIIEPATHBHOT I'PH.

OcHOBHi BU3HAYCHHS.
[Tpn BU3HAYEHH] CTATHYHUX IrOp 3arajJbHOBKUBAHOIO € CTpaTeriyHa abo HopMmaibHa (hopMa, siKa BKIIOYAE OIUC
TPHOX KOMIIOHEHTIB: MHOXXHHH TPABIIIB, iX CTPATETiH 1 BUTPAIIIiB.

I'paBosiMH B JTaHOMY BHUIAAKY SBISIFOTHCSI KOPHCTYBadl {ui} L — MHOXHMHA 1HIEKCIB, SIKI MatOTh JIOCTYH 0

ieL?

crinbHOro pecypcy 3 M 00YMCIIIOBATIBHUX EIEMEHTIB 3 MBHAKICTIO podotn P;, 1=1...,m. Bynemo BBaxary, 1o s
KOXXHOTO KOPHUCTyBaua 3aJaHi KBaJpaTHi MaTpuui posmipHocti Ny, lelL. Tomi crpareriiMu KOpuCTyBauiB €
pomyctume po36utTss Matpuup Ha Onoxkn K, € K, |l eL. Ilicna posdurrs matpuiub, GNOKM NOTPAIISIOTH y

[UIAHYBAJIbHUK, SIKUH HAJICHIAa€ 1X Ha MPOLECOPH 3TiAHO 3 MEBHUM BH3HAYEHHM aIrOpuTMOM pobotu. Yacom
3aKiHYeHHA obumciaens T,, | el Oymemo HasmBaTH 4ac 3aKiHYeHHA OCTaHHBOI 3amadui kopucryBada U, . Koxen

KOPHCTYBa4 HaMaraeThCs 3MCEHIINUTH CBiff 4ac 3aKiHYCHHS 1 Uepe3 OOMEKEHICTh CIIIBPHHX PEeCcypCiB BHTpAII OIJHOTO
KOPHCTYBa4a COPHYMHHUTH MPOrpall iHIIHX.

Bynemo BBaxkaTH, 1110 BUKOHYIOThCS HACTYITHI IPUITYILICHHS:
1. BubOpana MHOXMHa MOXJHMBUX pPO3MIpiB {n j}H s cTparerii KOpHUCTYBayiB, BIOPSIKOBaHAa 3a
301IBIICHHSAM.

2. Sxmo kopucTyBadi BHOpa M OJHAKOBI PO3MipH OJIOKIB, TO IX Yac 3aBEpHICHHS OJHAKOBHH 1 MOPIBHIOE
ITOJIBOEHOMY 1HIHUBITyalbHOMY Yacy Ui JAHOTO PO3Mipy OJIOKY.

.. . . cee o . .
3. Icnye enunnii minimym Tq (Nn;), j=1,...,s . [Io3Ha4MMO iH/IEKC CTpATETIl, Ha SKil BiH 10CATAETBCA | .

[nanyBaJdbHUKH MiH-MiH Ta Makc-MiH. [ToOyayeMo ruaTiKHY MaTpHIIO I'PH 328 HACTYIHUMH NpaBHJIaMU.
Hexaif rpaBmi BuOpanm crpaterii N, N, BixnmosigHo. [TosHaunmo ix surpami T, (N, n,), To(n,Nn,)

1.  Skmo n <n,, TO BUrpall Mepuioro KOpuctyeada gopisuioe Ty (ny), apyroro Ty () +T4(n,) .

2. Sxmo n; >n,, To BUIpaIl NEepIIoro KOpHCTyBada JopiBHIOE T4 (ny)+T4(n,), apyroro Ty (n,) .

3. Sfxmo n; =n,, TO BUTPaII IEPIIOTo i APyroro KOpHcTyBada gopisHioe 2T, (N;) .

Teepaxenns 4. Hexaii BUKOHYyIOTbCs HepiBHICTBH 2Ty (nj*) <Ty (nj*il) , TOOl Tapa crpareriit (nj* , nj*) -

piBHoBara Hema. B inmomy pasi piBHoBaroto Hema OyxyTs mapa crparerii (nj*il, nj*il) .

Hacninok. Otpumana piBHoBara [lapero HeedekTHBHa.

Tl(nj* , nj*) <T1(”j*71- ”jtl) , T2(nj* , nj*) <T2(nj*71, nj*fl) .

Ile mocuTh XapakTepHa CUTYalis AJIS irop TakoTo THITY.
IInanyBaJbLHHKH MaKC-MaKC Ta MiH-MaKCc.
Teepaxennst S. Hexail BukoHytoThCca HEpiBHICTH 2T (nj*) <Ty4 (nj*il) , TOZl Tapa cTparerii (nj*il, nj*il)

piBHOoBara Hema. B inmomy pasi piBHoBaroto Hermma OynyTs mapa crpateriii (nj* , nj*)
3. Ilob6ynoBa imiTauniiinoi moxesti

ImitaniiiHa Momens MO3BOJISIE CHUMYJIIOBATH IPOIEC MHOXKCHHS MATPHUIL Y PO3MOIIJICHOMY CEpeIOBHIII
BpPaxOBYIOYH SIK Yac Ha BJIacHE OOYMCIICHHS TaK i mepeaavy JaHuX.
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Posrinsnemo 3anauy mHoxeHHs 1Box N*N matpuinps M1 ta M2. [To3HaunMo 3a n KiJbKICTb PSAKIB MaTpHLi
M1 Ta BianoBigHO cToBOLIB MaTpuili M2. Takum duHOM oTpumyemo 2 migmarpuui N*N ta N *n ski i popmyoTs

OJIHYy 3aJiavy, o Oyje BiJiCiIaHa IIaHyBalbHUKY. Takux 3amau Oyne {%} *[%} . IIpote B 060x MaTpumsax M1 Tta
M2 y BUmajKy SKIIO N He MinbHUK N Oyzae 3amumiok psakie M1 ta ctoOuiB M2 BigmosigHo. [To3Haummo po3mip
3amumika 3a mM=N—n *[%} . Tomy 10 OCHOBHUX 3a/ay4 Iie TOTPIOHO AOJAaTH 3a7a4i MHOKEHHS MaTpuinb M* N T1a
N *n, matpue N*N ta N *m i3amauy maoxxerHs m*Nrta N*m.

To6to 3agaya muoxxennst MaTpuub (N,N) ta (N,N) po3ouBaeThcs Ha Taxi miazagaqi:

[N],[N
1. — *{—} MHOKeHb MaTpuilb N*N 1a N *n.
n n
N )
2. — | mHOXeHb MaTpuite M*N 1a N*n.
n
I N 1 * *
3. — | mHOXeHb MaTpuitb N*N 1a N *m.
n

4. 1 muoxenus marpuite M*N ta N*m.

MHOXeHHSI MaTpulb N1*N2 Ta N2*N3 morpebye N1*N3*N2 omepamiii MHOXKCHHS Ta
N1*N3*(N2-1) omepauiii monasanHs. [lo3Haummo 3a AM koediLieHT CKIAZHOCTI omepanii MHOXEHHA IO

BIJIHOLIEHHIO 10 oneparii qogaBadus. Toxai ckiaagaicte MHOKeHHS MaTtpuile N1*N2 ta N2* N3 moskHa Bupazutu y
OJIMHUIIAX OMepalliil 10JaBaHHs K

C(NLN2,N3) =NI*N3*(N2* AM + N2-1).

[No3HaYMBIIN TOTYXHICTH OOYHCIIOBAIFHOTO MOIYJS 3a P ( KiBKICTH omepamiii JofaBaHHSA / CEKYHAY ) Ta
Maro4H CKIaaHICTh 3aaa4i C ( KIIBKICTH onepamniil JogaBaHHS ) OTPHUMAEMO tp = E .
Takox s muoxennst marpuiltb N1*N2 ta N2* N3 norpioro nepecnatu N1*N2+ N2* N3 enemenris 10

00YHCITIOBAILHOTO By3Ja, Ta oTpuMaTH pe3ynbraT y po3mipi N1*N3 enemenris. Yac Ha mepemady TaHHX
OOYHCITIOETHCS SIK

N1*N2+N2*N3+N1*N3
bandwidth

t, = latency +

3arasbHuii yac Ha 00poOKy 3azaul t=t, +1t;.

Jlig 1BOX rpaBLiB BUOMPAIOTHCS N1 Ta N2, GOPMYIOTHCS 3a7adi, TOJAI0ThCA B 3aTaJIbHUM CIIMCOK Ta BUIAIKOBO
NepeMIlIyroTcss 1 MOJAIOThCs Ha IUIAHYBAJIBHUK. Yac Juis KOXKHOTO 3 TPaBIiB BU3HAYAETHCS SIK 4ac NpPUOYTTA
BiJl IUIAaHYBaJIbHMKa 110 TPaBI OCTAaHHbOI Horo 3ajgadi. CuMyJsmis pealizoBaHa y BUIILII YTUIITH 3
nmapaMeTpaMu KOHCOJI Ta 1o03Bojsie BuOupaTtu 3HaueHHs N, bandwidth, latency, motyxHOoCTi 004YMCIIOBATLHUX
BY3JiB SK MHOXHUKH HOMIHQJIBbHOI IMOTYXXHOCTI Ta MeXi mepebopy mapameTpiB ni i no. IIporpama Hammcana
Ha MoBi C++ Ta yMOBHO NOJUIAETHCS HA JBI JIOTIYHI YacTHHHM: MOAYJL OOpPOOKHM NapameTpiB Ta MOAYJb
CUMYJIAIIII.

Mopayns oOpoOKHM mapaMeTpiB J03BOJISIE 3aJaBaTH PO3MIp MATPHUIlb, PEKHM OIHOTO TPABI UM JBOX, MEXi
nepebopy cTpaTeriii po3pi3aHHs, NapaMeTpH IUIAaHyBaJIbHHKA, XapaKTePUCTHKH OOYMCIIOBAJIbHUX MOJYJIIB,
napamMeTpiB Mepexi — bandwidth Ta latency 6e3 mepekoMmisIIii mporpamMu 4epe3 mapaMeTpyd KOMaHIHOTO PSIKA.
Monyne CUMYJISII] TeHepye 3amadi A KOXKHOTO 3 KOPHUCTYBadiB, 3TUBAE iX B OJMH CIMCOK Ta BJIACHE MOJA€ iX Ha
CUMYJIATOp, SIKWH NoBepTae oOpoOJIeH] 3aaa4i 3 MPOCTaBICHUMHU 3MIHHUMH 4Yacy MOYaTKy Ta 3aBeplIeHHs podoTn
Ha/l 33]]a4€i0 1 HOMEPOM OOUHMCIIIOBAIBLHOTO BY3I1a, SIKUi 00pOOIISIO 10 3a1auy.

ETanu pobotu cumyistopa:

1) mepeminryBaHHS CIHCKY OUIKYIOUHX 3a1ad 3 METOIO EMYJISIlii OTPUMAHHS 33/1a4 Y BHITAIKOBOMY MOPSIKY.
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2)  COpTYBaHHS CIHCKY OYIKYIOUHX 3a[a4 [0 CKJIAAHOCTI y BiJMOBIAHOCTI JO MPiOPITETHOCTI 3a4a4 Ta CIUCKY
00YHCITIOBAILHUX BY3JIiB MO HOTY)KHOCTI Y BIIOBIAHOCTI JI0 MPiOPITETHOCTI 00YMCIIOBAILHUX BY31iB. Hanpukman s

minmax IUIaHyBaJbHUKA CIIMCOK OYIKYIOUMX 33j7a4 OyAe BiJCOPTOBaHUM BiJ MPOCTOi 1O CKIJIQJHOI, a CHHCOK
00YHCITIOBAILHUX BY3JIIB BiJl IIOTY>KHOT'O JI0 TIOBLILHOTO.

3) imimiamizamiss TOYaTKOBMX 3alad ISl OOYMCIIOBANBHHWX BY3JiB BWIyYalOYW TMEPHI  €JIEMEHTH 3
BiJICOPTOBaHMX CIIHACKIB OUIKYIOUHX 33/1a4 Ta BY3JIiB, IPOCTABJICHHS IOYaTKOBOTO Yacy, IKUIA Ha TaHWUA MOMEHT piBHUH
0, Ta OOYMCIIEHHA dUYacy OYIKyBaHOTO 3aBEpUICHHS BHKOHaHHA 3aaadi. CTpPyKTypH 3 TOCWIAHHAM Ha 3a4ady,

00YHCITIOBAILHUN BYy30JI Ta JaHUMH IPO TOYAaTOK Ta 3aBEPLICHHS BHKOHAHHS 3a/adi MMOMIIIAIOTBECA y 4Yepry 3
MIPIOPITETOM 10 HAWMEHIIIOMY Yacy 3aBEpIICHHS.

4)  B3ATH 3 TIPIOpPITETHOI Yeprd 3amady, sika Oyie HaWOMMKIO0 10 Yacy HACTYIHOK BHKOHAHOK 3a1aycro.

[puiiaaTH 9ac CUMYIIALIT 3a 9ac 3aBEPIICHHS B3ATOI 3 YePTH 3a4adi, JOAaTH 3a/1ady /10 CITUCKY BUKOHAHUX 337249 pa3oM
i3 JAHUMM TIPO Yac i1 3aBepIICHHS.

5) SIKIIIO CIIMCOK 0‘-IiKy}0‘~II/IX 3aaa4 HC HYCTHﬁ, TO BUITYUYUTH nepmnﬁ CJICMCHT, IIOCTABUTHU YaC NOYATKYy SAK 4ac

CUMYJISILT, OOYMCIUTH Yac 3aBEepIICHHS Ta JOAATH y 4Yepry 3 MpipiTeTOM, MOCTABUBINU OOYMCIIOBAJILHUN B30I SIK
NepIInii BITbHUIA 13 BiZICOPTOBAHOTO CIIUCKY BY3JIIB.

6) sKwO mpiopiTeTHa Yepra He IycTa, TO IIOBEPHYTHCS Ha KPOK 4.

7) 3HaWTH y CNMCKY BUKOHAHUX 3a]a4 HAWMI3HIII TOBEpPHEHI 3amadi Uil KOXKHOTO 3 KOPHCTYBadiB Ta
MIOBEPHYTH iX Yac 3aBepLICHHS.

Pe3ysabTaTH ekcnepuMeHTiB

Ha puc. 1 Ta 2 moka3aHo 3aJeXHICTh YaCy CUMYIAMII Bix po3outts mpu ¢ikcoBanux N, latency, bandwidth
st 3, 4 Ta 5 oOunmcmioBambHHX BY3TiB. UuM Oinpmre OOYMCITIOBANBHUX BY3JIB, TUM IIBHIIIE MHOXCHHS
MaTpuilb, MPOTE IS NEIKHUX pO3pi3aHb MOXHa MOOAYUTH Maibke OJHAKOBMU dYac NpU Pi3HIA KiIBKOCTI
00uucIIOBaIILHUX By3:1iB. OcOOMUBO 1l MOMITHO Ais 4 Ta 5, MOYMHAIOUU 3 po3Mipy po3pizanHs 2500 wac ans
HUX OJJHAKOBUH.

Ha puc. 3 mokazaHo 3aleXHICTb 4Yacy BHUKOHAaHHS YCiX 3aJad KOpPUCTyBada 2 Big po30UTTS n  1mpu
¢ikcoBaHOMY pO30MTTI KopucTyBada 1 s 5 oOuucimoBalbHUX By3JniB. Ha rpadiky dYiTKO crocTepira€rTbces
CTpUOKHU TPH MEPEeXOodi po30UTTs KopucTyBada 2 3a (pikcoBaHe 3HaueHHs po3outTs 1. Lle ocobnuBicTs minmin Ta

minmax OCKUIBKM BOHM B IEpIIy 4Yepry BHUKOHYIOTh HaWJermn 3ajxadi, TOMy KOPHCTyBad, IO BHOpaB MeHIIE
pO30UTTS, Ma€ MEHIINH Yac BUKOHAHHS ycix Horo 3axad.

—— 3 obuncsoBanbHUX By3na
4 obuncnoBanbLHUX By3na

&

= = 5 obyncnioBancHUx By3niB

] 5] i =

Yac oTpMMaHHA OCTaHHbLOI BUKOHAHOI 3agavi
5

*
y l
* ....--III..

0 1000 2000 3000 1000

5000
Po3mip po3bntTsa

Puc. 1. I'padix t Big n ast ogHoro kopucrysada npu N=5000, latency = 0.0,
bandwidth = 1€9 ayst 3, 4 Ta 5 0GUKCTIOBAIBHUX BY3IIiB

80



Ilapanenvne npozpamysannus. Poznodineni cucmemu i mepesnci

40 L]
| ]
I —— Po3Mip MaTpuui 3000
1" == = Po3Mip MaTpuui 4000
= =] i = = Po3Mip MmaTpuui 5000
-
o I
m I -
:6 30 + u N
T | [ .
2 | o
[=] L] *
< = 1 . ¢
o 1 [ ] *
'S I L * ¢
% ‘ ol . . +*
% 20 4 l ‘.' . - *
5 i
o 1
=
I !
1]
=
=
o
5
L]
1]
o
5_
0 1000 2000 3000 4000 5000
Po3mip po3butTs
Puc. 2. T'pagik t Bix n ams ogHOTO KOopHcTyBaya mpu latency = 0.0,
bandwidth = 1¢9 ta 3 oGuucTOBaTBHIX BY3IaX
40
~ Po3butTa nepworo rpaeus 500 N
b = = Po36buTtTa nepworo rpasua 1000 P .
1]
D 5 == = Po36uTTA Nepworo rpasusa 1500 0//
E b g
(%]
=
o
o
X
F 3
[1+]
=
[1*]
m
S
I
8 =
o
x
=
o
S
0
I 20
o
g AR PR L T
= . I s
% 15 ] I
g m
S . I
E * ey
U 10 .-bi = -
[ L4 .
T
0 1000 2000 3000 4000 s000

Po3mip po3butTs
Puc. 3. I'padix t Big n a7st 1BOX KOPUCTYBaUiB NpH (iKCOBAHOMY pO3pi3aHHi IMEPIIOr0 KOPUCTyBaya

Bucnosxu

B poboti Oyno po3risHYyTO 3amady irpoBOTO MOJENIOBAHHS IPOIECIB IDIAHYBaHHSA 0araTONpOLECOPHUMH
00YHCICHHSAMH Ha TPUKIAAl 3aa9i MHOKEHHS MaTpub. OTpUMaHi TEOPETHYHI OWIHKH ICHYBaHHS CTaHYy PIBHOBarw y
Ipi INIaHyBaHHS ABOX KOPHCTYBaviB JUIs PI3HUX THUMIB IUIaHyBaJbHUKIB. [TokazaHo, 1110 MIaHyBalbHUKH TUITY extr-extr
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PO3IUISIOTECS Ha ABI IPYIH, SK y IIEBHOMY CEHCI € 00EpHEHUMH OJHa 110 1pyroo (TBepmxkenHs 4 i 5). [lokazaHo, mo
oTpuManuii ctaH piBHoBaru Hema e [Tapero-HeeeKTHBHUM.

[ToGynoBana iMiTaniiina Mozaenb Ha MOBI C++ Ta MiATBEPPKEHO TEOPETHYHI PE3yJIbTATH.
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