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COMPUTER SIMULATION OF DIFFUSION TRANSPORT
PROCESSES IN MULTILAYER NANOFILMS

The difficulties associated with studying diffusion in multilayer films require the progress of contemporary
modeling methods and software platforms to precisely represent phenomena, taking into account transitions
between adjacent layers. In addition to the indispensable role of advanced modeling techniques and software
in solving the problems of studying diffusion in multilayer films, it is extremely important to admit the key
contribution of sophisticated computational approaches. In this paper, the authors attempt to merge intricate
mathematical models with optimal software development methodologies to address the challenge of simulat-
ing diffusion transport processes in multilayer nanofilms computationally. Based on the experimental find-
ings and employing the suggested model, identification was conducted utilizing the theory of state control
for multicomponent systems. With the help of methods of optimal control of the state of multicomponent
transport systems, the analytical solution of the model and the data of experimental observations, the distri-
butions of diffusion coefficients for the considered components of nanofilms (samples of aluminum, molyb-
denum, silicon) were reproduced. Numerical simulation results were compared with experimental observa-
tions. The profiles obtained from the modeling closely match the corresponding experimental profiles, espe-
cially as the duration of multilayer formation converges to the final stages of completing the protective nan-
ofilm multilayer formation. The maximum observed deviation does not exceed 2—3%, confirming the relia-
bility of the mathematical model and demonstrating the practical value of the results provided. A software
framework is developed for the automation of the specified calculations with the possibility of extension to
other subject areas with similar tasks of identifying the key factors of the process and further numerical
modeling of the time-space characteristics using the obtained results.

Key words: coefficients identification, diffusion, mathematical model, multilayer nanofilm, numerical simu-
lation, oxide film.
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KOMIPIOTEPHE MOJIEJIOBAHHSA ITPOIECIB
AAD®Y3INHOI'O TPAHCIIOPTY B BAI'ATOIIAPOBHUX
HAHOIUIIBKAX

[IpoGiemu, moB’A3aHi 3 TOCTHiKEHHAM nndy3ii B 6araTomapoBrX IUTIBKaX, BUMAraoTh YJOCKOHAICHHS CY-
YaCHUX METO/IIB MOJICIIOBAHHS Ta IPOTrPaMHOT0 3a0e3edeHHs JUIsl TOYHOTO 300pa)KeHHs SBUIL, BPAXOBYIO-
YU TIEPEXOJU MiX CYCiIHIMH mapamMu. Ha mogaTox A0 He3aMiHHOT poJli MepeloBUX METOiB MOJEITIOBAHHS
Ta MPOTPaMHOT0 3a0e3nedeHHs y Po3B’g3aHHI MpoOieM BUBUYCHHS AU(Dy3ii B OaraTomapoBuX IUTIBKaX, HaJ-
3BUYAHHO BAXXJIMBO BU3HATH KIFOUOBHI BHECOK CKJIAIHUX OOYHCIIOBATIBHHUX MiAXOMIB. Y Iii poOOTI aBTOpH
3pobwin cnpoOy MoeqHaTH CKiIaaHI MaTeMaTH4YHI MOJEJi 3 MepelOBUM JOCBIJOM PO3POOKH MPOTPaMHOIO
3a0e3mneueHHs Ui PO3B’s3aHHs 3a/1a4l KOMI IOTEPHOTO MOJICIIIOBAHHS MPOLECciB AU y3iHHOTO TPaHCIIOPTY B
OaraTolmapoBUX HAaHOIUTIBKax. 3a pe3yJbTaTaMu €KCIEPUMEHTAIBHUX JaHUX Ta 3 BUKOPUCTAHHIM 3aIpoIo-
HOBaHO{ MOeJl MPOBEJEHO IJeHTU(IKAIII0 3 BUKOPUCTAHHIM TEOpii KOHTPOJIO CTaHy 0araTOKOMIIOHEHT-
HHUX CHCTEM. 3a JIOTIOMOIOI0 METOJIiB ONTHMAaJIBHOIO KEpyBaHHS CTAHOM 0araTOKOMIOHEHTHUX TPAHCIIOPT-
HHUX CHUCTEM, aHAJIITHYHOTO PILICHHS MOJIEINI Ta JaHUX EKCIIEPUMEHTAIBHUX CIIOCTEPEKEHD BiATBOPEHO PO3-
MONINHM KOoeQiieHTIB qudy3il s pOo3TIITHYTHX CKIAIOBHX KOMIIOHEHTIB HAHOIUTIBOK (3pa3KiB allfOMIHIIO,
MoOJiOeHy, KpeMHiI0). Pe3ynbraTn 4iceIpbHOTO MOAETIOBAHHS NOPIBHIOIOTHCS 3 €KCIIEPUMEHT ATbHUMH CIIO-
CTEpeKEHHIMH, IO BimoOpakaioTh BMicT 3paska. [Ipodimi, oTpumani B pe3ynbTaTi MOICIIOBaHHA, TICHO
30iraroThCs 3 BiINOBITHUMHU €KCIIEPUMEHTAIHHIMH PO IIIMHU, 0COOINBO KOJH TPUBATICTh OaraTomapoBo-
IO YyTBOPEHHS HAOIMKAETHCS 10 OCTATOYHOTO MEPioAy 3aBEPIUICHHS YTBOPEHHS 3aXMCHOT HAHOIUIIBKU. Maxk-
CUMaJlbHE CIIOCTEpEeKEHE BiIXWIEHHS He mepeBuulye 2-3 %, 1m0 MiITBEpIKY€e HaIiiiHICTh MaTeMaTHYHOT
MOJIeJli Ta BKa3y€ Ha NPAaKTHUYHY KOPHUCHICTh OTPUMAHUX pe3yJbTaTiB. Po3pobieHo nporpaMHuii iHCTpyMeH-
Tapiil A aBToMaTH3allii 3a3HaueHUX PO3PaxyHKIB 3 MOXJIMBICTIO MOIIMPEHHS Ha iHIII NMpeaMeTHI obiacti
31 CXO)KMMH 3aBJIaHHAMU IZICHTU(IKALIT KIF0ouoBHX (akTopiB npouecy. CTBOpeHO 0a3y Jisi NOJalbIIOro Yu-
CEJILHOT'0 MOJICJTIOBAHHS 4aCO-IIPOCTOPOBUX XaPAKTEPUCTHK 3 BUKOPUCTAHHSIM OTPUMaHHX Pe3yJIbTATIB.
KirouoBi cnoBa: inentudikarnis xoedinieHTis, qudysis, MaTeMaTHYHa MOJIEJb, OararomapoBa HaHOILTIBKa,
YHceIbHE MOJICIIOBAaHHS, OKCH/IHA TUTiBKa.
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Introduction

The challenges associated  with
investigating diffusion in multilayer films
necessitate the advancement of modern
modeling techniques and software frameworks
to accurately depict phenomena while
considering transitions between neighboring
layers [1, 2]. One of the most effective ap-
proaches to thoroughly address these issues is
the widely recognized integral transformation.
These methods are utilized to derive solutions
for diverse boundary value problems in
mathematical physics pertaining to
homogeneous structures, encompassing
diffusion scenarios across various environments
and enabling their mathematical representation.

In addition to the indispensable role of
advanced modeling techniques and software
frameworks in addressing the challenges of
studying diffusion within multilayer films, it is
crucial to recognize the pivotal contribution of
sophisticated computational approaches. By
utilizing  cutting-edge  methodologies in
computer  programming and  software
architecture, the capabilities of mathematical
approaches, such as integral transformations,
can be elevated to unprecedented levels of
precision and efficiency. This synergy between
mathematical modeling and computational
innovation not only enhances our ability to
accurately represent diffusion phenomena
within multilayer structures but also opens new
avenues for exploration and analysis.

Furthermore, the integration of
modern modeling techniques with state-of-
the-art computational tools facilitates a more
nuanced understanding of diffusion processes
across diverse material compositions and
environmental conditions. By leveraging the
power of numerical simulations and data-
driven analyses, researchers can extract
valuable knowledge on complex diffusion
mechanisms that were previously
inaccessible. This multidisciplinary approach
enables scientists and engineers not only to
solve fundamental questions in materials
science and engineering but also to devise
innovative strategies for optimizing the
performance and functionality of multilayer
films in various technological applications.

Problem formulation. In the pro-
posed research, authors attempt to combine
complex mathematical models with the best
practices of software engineering to solve the
problem of computer simulation of diffusion
transport processes in multilayer nanofilms.
The primary objectives are:

— modeling diffusion processes: to in-
tegrate complex mathematical models with
contemporary software development method-
ologies, in domain of the diffusion within
multilayer films;

— parameter identification: to employ
the theory of state control for multicomponent
systems to identify diffusion coefficients. It
includes using methods of optimal control to
analyze experimental data and accurately re-
produce the distributions of diffusion coeffi-
cients for the nanofilm components;

— numerical simulation and validation:
to conduct numerical simulations and compare
the results with experimental observations. The
target is to achieve a high degree of corre-
spondence between the modeled and experi-
mental profiles, particularly as the duration of
multilayer formation approaches completion;

— development of a software frame-
work: to create a software framework that au-
tomates the specified calculations and can be
extended to other subject areas with similar
tasks. This framework should facilitate the
identification of key process factors and ena-
ble further numerical modeling of time-space
characteristics based on the obtained results.

By addressing these objectives, this
research seeks to overcome the limitations of
existing methods and provide a robust tool for
studying and optimizing the diffusion pro-
cesses in multilayer films. The ultimate aim is
to enhance the efficiency of experimental
studies and contribute to the development of
new nanomaterials with improved properties

1. Mathematical model

We propose a physical problem and
corresponding mathematical model for the
diffusion mass transfer process in multilayer
films, based on the following multilayer me-
dium comprised of n double layers composed
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of two distinct media with differing properties
(Fig. 1).

Fig.1. Schema of multilayer nanofilm

According to this representation, at
each interface within the formed multicompo-
site, there is a mutual diffusion of components
between two adjacent layers of the medium.
The mechanisms governing such mutual
transfer are determined by the variable gradi-
ents and rates of concentration change at the
interface boundaries between layers. By in-
corporating changes in concentrations and
their gradients over time into the boundary
and interface conditions, it becomes feasible
to model the mechanisms of this additional
mutual transport alongside the fundamental
transport equations.

When formulating a mathematical
model for diffusion transfer within oxide
films, a multilayer structure is taken into ac-
count. Assuming that the diffusion of atoms
of constituent components of oxide films
(aluminum, molybdenum, silicon) primarily
drives system mixing, concentration profiles
for such a multilayer system can be derived
from Fick’s equations, incorporating bounda-
ry conditions at the outer layers and contact
conditions between successive layers. This
approach provides a mathematical model de-
scribing the diffusion transfer process within
a planar multilayered medium
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where C is diffusion distribution; D, is dif-
fusion coefficient; »7 is mass distribution co-

efficient;
The corresponding initial and bounda-
ry conditions for the model:
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where Qjj ﬂij ; k=0,n; i,j=1,2, are coef-

ficients determining boundary conditions and

contact conditions; x, y, z are spatial coordi-

nates.

The exact solution of the problem de-
scribed by equations (1)—(3) is directly writ-
ten out by applying integral Fourier trans-
forms [3].
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Here are Green’s functions:
W}O,k (tﬂ x; Z’é:) =

-2 2 W (=7, 2)(-1)" M;
R =

m
WRk,kl (t: X, G, Zaé) =

2 & _pat
= E Z e DOUmtDO(_l)m-i—lnmg]I:,lk] (t; Z,é:)(-l)m A

m=0

© COS 17,,,X.
Cauchy’s function

Hy g (5%, 632,8) =

2 o0
= 2 80, (152, §)-cos 7,8 - cos,x.
m=0

2. Experimental data and
coefficients identification

According to the results of experi-
mental data and using the proposed model,
identification was carried out using the theory
of state control of multicomponent systems
(results obtained in [4]) (Fig. 2).

Coefficient distribution
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Fig. 2. Coefficients distribution at first sample

The distributions of diffusion coeffi-
cients are reproduced using methods of opti-
mal control of the state of multicomponent
transport systems, analytical solution of the
model, and data of experimental observations,
for the considered constituent components of
nanofilms (samples of aluminum, molyb-
denum, silicon) (Fig. 3).

Coefficients distribution
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Fig. 3. Coefficients distribution at the second
sample

The diffusion coefficients identified in
such a way, correspond to real experimental
data and are used as input parameters of the
obtained mathematical solution of the model
for modeling and analysis of concentration
distributions of the main components of nano-
films (aluminum, molybdenum, silicon, etc.).

3. Numerical simulation

Numerical simulation results are com-
pared with experimental observations depict-
ing the sample content. These concentration
distributions are generated for varying time
intervals during the formation of the multi-
layer. The designated time frame corresponds
to the experimental duration of three weeks.
The process of forming the technological
multilayer through molecular diffusion of the
specified components is segmented into 5 pe-
riods, encompassing the inception of the pro-
tective multilayer from the initial period to the
concluding period (Fig. 4).

Concenfration distribution

0 0,5 1
depth(mkm)

Fig. 4. Simulated concentrations for case 5

Continuous lines represent simulated
data for different time durations. The dashed
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line is experimentally measured data at the fi-
nal duration.

As depicted in the figures above, the
profiles derived from modeling closely align
with the corresponding experimental profiles,
particularly as the duration of multilayer for-
mation approaches the completion period of
the protective nanofilm multilayer formation.
The maximum observed deviation does not
surpass 2—-3 %, affirming the reliability of the
mathematical model and indicating the practi-
cal utility of the provided results (Fig. 5).

Concentration distribution
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Fig. 5. Simulated concentrations

4. Software framework

The above results require complex
resource-intensive calculations [5]. For this
purpose, we developed a framework that au-
tomates the specified calculations with the
possibility of extension to other subject areas
with similar tasks of identifying the key
factors of the process and further numerical
modeling of the time-space characteristics
using the obtained results.

The software framework in focus is
implemented in Java programming language.
JVM-based implementation allows us to rid
of target-specific builds and follow the write-
once-run-everywhere idea. At the same time,
the JIT-compilation feature of JVM optimizes
code execution by converting bytecode into
native machine code at runtime. It allows to
have runtime optimizations that are not
possible with ahead-of-time compilation and
are beneficial for CPU-intensive applications.

The framework design follows an
object-oriented approach, and the code base is
divided into major modules, such as Models,
DataProcessing, Identification, and GUI. The
input either can be read from the file or
provided in Ul Calculated results also can be
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visualized or saved to the file. All
components are connected with abstract
interfaces, which gives the ability to easily
replace one model implementation with
another implementation (separation  of
interface and implementation).

One example is the implementation of
diffusion coefficient identification, which de-
fines the internal kinetic parameters of the
process. To ascertain the coefficient distribu-
tion, we employ the gradient methods, the
mathematical underpinnings of which lay in
the context of parametric identification chal-
lenges in multicomponent distributed sys-
tems [6]. Tailoring our approach to the nano-
films domain, we find the method of mini-
mum errors particularly apt. So, we picked the
implementation of this method in simulations
among others in the software framework. The
coefficients identification algorithm is based
on a gradient-identification procedure where-
in, to ascertain the next approximation of the
diffusion coefficient within the intraparticle
space, we adhere to the following protocol

(Fig. 6).
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Fig. 6. Procedure for internal parameters
identification
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The determined distributions of diffu-
sion coefficients within the interparticle space
enable the modeling of concentration fields
and integral mass distributions within the cat-
alytic nanoporous layer with a high level of
precision. As evidenced by the concentration
distributions presented (Fig. 2 and Fig. 3), the
profiles derived from the model closely match
those obtained experimentally (Fig.4 and
Fig. 5), illustrating a noteworthy degree of
consistency between the two sets of data. This
alignment is further emphasized by the com-
plete coincidence observed between the mod-
el and experimental graphs depicting the inte-
gral mass during benzene adsorption.

Conclusion

The difficulties associated with study-
ing diffusion in multilayer films require the
progress of contemporary modeling methods
and software platforms to precisely represent
phenomena, taking into account transitions
between adjacent layers. Alongside the essen-
tial function of cutting-edge modeling tech-
niques and software frameworks in addressing
the difficulties of examining diffusion within
multilayer films, it’s vital to acknowledge the
significant input of sophisticated computa-
tional methods.

In this paper, we endeavor to merge
intricate mathematical models with optimal
software development methodologies to ad-
dress the challenge of simulating diffusion
transport processes in multilayer nanofilms
computationally. Based on the experimental
findings and employing the suggested model,
identification is conducted utilizing the theory
of state control for multicomponent systems.
Using the methods of optimal control of the
state of multicomponent transport systems,
the analytical solution of the model, and the
data of experimental observations, the distri-
butions of diffusion coefficients for the con-
sidered components of nanofilms (samples of
aluminum, molybdenum, silicon) were repro-
duced. Numerical simulation results were
compared with experimental observations.
The profiles obtained from the modeling
closely match the corresponding experimental
profiles, especially as the duration of multi-
layer formation approaches the final stages of

completing the protective nanofilm multilayer
formation. The maximum observed deviation
does not exceed 2—3%, confirming the relia-
bility of the mathematical model and demon-
strating the practical value of the results pro-
vided.

A software framework is developed
for the automation of the specified calcula-
tions with the possibility of extension to other
subject areas with similar tasks of identifying
the key factors of the process and further nu-
merical modeling of the time-space character-
istics using the obtained results.
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