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Po3riasiHyTO MyIBTUMHOXUHHY Tabau4Hy anre6py. CurHatypa MyJIbTHMHOXHHHOI TAOMMYHOI anreOpy MOIOBHEHA arperaTHUMHE OIeparlisi-
MH. 3a7aHo (popManbHy MaTeMaTHYHy CEMaHTHKY IUX OIepallii Ta HaBeIeHO MPUKJIAH IX 3aCTOCYBaHHS.

Multiset table algebra is considered. The signature of multiset table algebra is filled up with aggregate operations. A formal mathematical
semantics of these operations is defined.

Beryn

Pensiniiina Mozenb TaHMX Ha CHOTOJIHI IIMPOKO BHKOPUCTOBYETHCS SK y HAYKOBHX JOCIHIIKEHHSIX B Oazax na-
HHX, TaK 1 Ha mpakTuni. Y GopMansHOMY BH3HaueHHI, 3anponoHoBaHoMy E. Koxmom [1], nana monens 6a3yeTbcsi Ha
MHOXKHHAX KOPTEXiB, TOOTO HE 03BOJISIE AyOIiKaTH KOPTEXKIB Y BiJHOLIEHHI. baraTo MOB, OpieHTOBaHHX Ha POOOTY 3
0azamu JaHMX, BUMaraloTh peALiiiHy MOJENb AaHUX 3 MYJIBTUMHOXKHHHOIO ceMaHTHKOI0 (multi-set semantics) Tomy,
110, MO-TIepile, BiJHOLICHHS, SKi JO3BOJAIOTH XyOJIiKaTH, KOPHCHI B 0araTboX NPHUKIaTHUX 00JacTsX, N 00'€KTH-
IyOMiKaTH MOXYTh ICHYBaTH; O-APYTe, B PEIAMIHHINA MOAETI TaHNX BUIAICHHS TyOIiKaTiB Mic)Isi BUKOHAHHS OTeparliit
TIPOEKIil Ta 00’ € AHAHHS Iependavae 3JIUTTS OJHAKOBHX €JIEMEHTIB a00 3iliCHEHHS 1HITNX TPYIOMICTKUX MHiM.

[TuTaHHIO BUKOPHCTAHHS MYJIBTHMHOXHH B 0a3ax qanux npuaiasuiu yeary Paul W.P.J. Grefen ta Rolf A. de By
[2], G.Lamperti, M. Melchiori, M. Zanella [3], I'.Tapcia-Mounina, Jx. Yasman, k. Yumom [4], A. Silbeschatz,
H. Korth, S. Sudarshan [5], [I.b. Byii, C.A. ITonskos, ¥0.1. Bpona, B.H. Pexpko [6]. Pa3oM 3 TiM, B s0/Hi# i3 3a3Ha-
YEHUX pOOIT HEe IPUIUISETHCS yBara arperaTHUM OIepalisiM HaJ| TaOJIHUISIMUA MYJIbTUMHOKHHHOT TabJIM4YHOT anreOpu.

My.]'IbTI/IMHO)KI/IHI/I: OCHOBHI MMOHATTS
HaBemeMo OCHOBHI MOHATTS MyJbTHMHOKHH B TepMiHax pobotu [6]. 3adikcyemo nesky muoxuny U . Ilix my-
JBTUMHOXXHHOI ¢ 3 ocHoBoro U Oynemo po3ymitu BinoOpaxkenHs ursiny «:U — N, ne N ={1,2,...} — MHOXHHa

HATypaJibHUX YHCEIl.
Hexait D — yHiBepcyM eJieMEHTIB OCHOB MYJILTUMHOXHKH, Toai Oyiean P(D) — yHiBepcyM OCHOB MyJIbTHMHO-

xuH. [1ix XapakTepucTHYHOIO (QYHKIII€I0 MYIbTUMHOXKHHE ¢ PO3yMieMo (yHKIiI0 BUIIALY ¥, :D —Z,, 3HaueHHA
KO 32/1a€ThCS] HACTYITHOIO KYCKOBOIO CXEMOIO:

a(d), sxmod e dome,

0, iHak1IE;

za(d)={

st Beix d e D, ne Z, — MHOXWHA IITHX HEBiJ €MHUX YHCEIL..
MynbTUMHOKHHA HA3UBAETHCS TIOPOXKHBOIO 1 II03HAYAETHCS K &, , AKIIO i1 OCHOBA — OPOXKHSI MHOXKHHA.

MyIbTUMHOXHHH, O0NACTIO 3HAUYEHb SIKUX € MOPOXHS MHOXKHHA a00 OJHOEIEMEHTHAa MHOXXHHA BUTIAmy {1},
Ha3MBaIOThCA |-MyJIbTUMHOXKHMHAMU. JlaHi MyJTbTUMHOXKHHH € aHAIOTaMH 3BUYaiHNX MHOKHH.

n n, . .
JIOMOBHMOCSL MYIBTUMHOXHHY & 3 0cHOBOIO {dy,...d,} 3amucysaru sk {d;*,...d*}, ne n; — kinbkicTs 1y6-
mikatiB (ek3eMIunsipiB) enementa d; y mynsruMHOXHHI o , 1=1,...K .
[lin paHroM CckiH4eHHOi MYJIBTHUMHOXHHH ¢ pO3YMIEMO CyMy HyOJKaTiB eJeMeHTiB 1ii OCHOBH

e = Z Zo(d), ne U — ocroBa MynsTumMHOKKEK @ . 3posymino, mo [J,[=0.
deU

MynbTUMHOKHHA [ BKIFOYAETHCS Y MYJIBTUMHOXUHY @ (<@ ), AKIIO:
p=a=UzcU, &Vd(d eU, = fA(d)< a(d)).

Skmo f <o, TO MyITbTUMHOXKHHA 3 Ha3UBAETHCS MiAMYIBTHMHOXKHHOK MYJIbTUMHOXUHU  , & MYJIbTHMHO-
KHMHA O — HaJIMYJBTUMHOXXHHOIO MYJIbTUMHOXHHHU [ . OueBHIHO, 1[0 TIOPOXKHS MYJIBTUMHOXKHHA € i MYJIbTHMHO-
KUHOIO Oy/b-AKOi MyNbTUMHOXKUHU (T, <&, V), a Oyab-AKka MyJIbTUMHOXKHUHA € CBOEIO XK IIMYJIbTUMHO)KUHOIO

(a=<a, Va).
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Mooeni i 3acobou cucmem 6a3 0anux i 3HAHb

MyJabTHMHOKMHHA Ta0JM4YHA ajredpa

Posrisnemo nBi MHOXXHHM: A — MHOXHHY aTpuOyTiB 1 D — yHiBepcanbHUiA JoMeH. J[0BiIbHY CKiHYEHHY MHO-
XKUHY aTpuOyTiB R < A HazBeMO cXeMoro.

Psagxom cxemn R Ha3mBaeThcs iMeHHa MHOKMHA Ha mapi R, D, mpoekmis sSkoi 3a mepIior0 KOMIOHEHTOIO pi-
BHa R (T00TO MmO CyTi posrsmaerscsa dyukis Burisiay S: R — D). MHoxkuHy Beix psikiB cxemu R mosnaunmo
S(R), a mHOXuHY BCix paakiB — S. Jlys MO3HAYEHHs BiICYTHIX 3HA4Y€Hb y TaOJHI BUKOPUCTOBYETHCS OCOOIMBHIA
enement yHiBepcamsroro gomeny NULL. TIMossaummo sR°"" — komcramtHmii psgok cxemm R, TO6TO
spo-t iR —>{NULL}.

3amamMo MOHATTS TaONHII K MapH <z//, R> , 1e TiepIra KOMIIOHEHTa | — Iie NOBUIbHA MYJIBTUMHOXIHA, 30KpeMa,

HECKIHUCHHA, a Ipyra KOMIIOHeHTa R — cxema Ta0Jmiii.
TakuM 4YMHOM, KOKHIH TaOJMII MPUIKCYETHCS NMEBHA cxeMa. MHOXHMHY BCixX TaOuuIb cxeMd R mo3zHaummo

Y(R), a Muoxwuny Beix Tabms W = (JY(R).
RcA

IMo3naunmo OCC(S,) — KimbKIiCTh AyOMiKaTIB (€K3eMILIAPIB) piaKa S y MYJIbTHMHOXHHI ¥ . [IoMOBUMOCS My-
JBTUMHOKUHY |/ 3alKMCyBaTH SIK {Slnl,...,sl?k,...}, ae n; =0cc(s;,w), i=12,..., a O(y)={S,....5.,-.+ — OcHOBa
MYJIBTHMHOKHH I/ .

[Mig MyTbTUMHOXHHHOIO TaOJIIMYHOIO alTreOpor0 pO3yMieMo anredpy <l}vaP,E>! me W — MHOXHHa BCiX Ta0-

peP,£eE
_J1 '¥.R AP.R ¥R N - )
manb, Qp = =<Ua N\ Opri Tx R ® Rtsp,~g — curHatypa, P, & — MHOXUHM TapaMeTpiB.
RiR, X,R,Ry,R,CA

. , R R . R .
3amamo omepamii. ITig 06’exnannam Uy, (mepetrroM (1} , pisHEIEO \p, ) Tabmume cxemu R posymieTscs
OinapHa (mapaMeTpuyHa) omepais, oTpuMaHa 0OMeKCHHIM oxHoiMeHHUX omepariit Uy, MNay ., \ay HaZ MyTbTHM-

HO>KMHAMH HA MHOXKMHY BCiX TaOMHIb cXeMd R .
PosrisiHeMo koXHY omepariito okpemo. [TozHaunmo uepes O(y;) i O(y,) — OCHOBH MyIbTHMHOXHUH /) Ta Y/,

BianoBigHO. TakKMM YMHOM,

R PR xP(R) ->Y(R), (v, R)\URy (W2, R)=(w1 Upy w2, R).

OcHoBa MynbTUMHOKHHA ¥, U o W, JOpPIBHIOE 00’ €THAHHIO OCHOB MYJIbTUMHOXHH Ta0JIHIb-apTyMEHTIB:

Oy Ui v2) =0(y) UB(w,) .

JyOmikaT psiaKiB, sIKi 3°sIBUIIMCS ITICJIsl BUKOHAHHS OTepallil, He BUIy4aroThesl. KUIbKICTh Iy0IikaTiB KOXKHOTO
psiaKa BU3HAYAETHCS 332 (HOPMYIIOIO:

Occ (s, 1), sikmos € O(y1) \ O(y>),
Occ (s, 1 Ui w2) =10cc(s,p), sximos € ©(y,) \ O(yy),
Occ (s, y1) +Occ(s,y5), axmos € Oy;) O(y,);
ne s €O UO(W,) .
A P (R)x ¥(R) - W(R), mpuuomy (w1, R)NGy (¥2,R) = (v1 Ny v2.R).

OCHOBa MYJIBTUMHOKHHA ¥ [ o W/, JOPIBHIOE IIEPETHHY OCHOB MYJIBTHMHOXHH TabJIHIb-apTMEHTIB:

Oy1 N v2) =0(w1) N B(y,),

a KUTbKIiCTh AyOTKaTiB psiIka BU3HAYAETHCS SIK

Occ (s, 1 Ny w2) = min(Oce(s, ), 0cC(s,5) ), e s € Ow;) NO(yy).

\Ri T (R)x ¥(R) — ¥(R), mpraomy (wy, R)\Ry (W2, R) = (w1 \wy w2, R), 1e (1,R), (w,,R) e ¥(R).
OcHOBa MYJBTHMHOKUHH Wi \ gy W, BH3HauaeTbes K Oy \ gy o) =O@) \O(w,) UC™ (wy,,), e

C™ (y1.v5) = {s |5 €O) NO(y,) AOCC(s, ) > Occ(s, i)}
KinbkicTh my6mikaTiB 3HAXOIUTHCS TaK:

Occ(s,y1), axmos € O(y;) \ O(y ),

Occ(s,y; \ )=
v {Occ(s,l//l)—Occ(S,l//z), akuos € C” (yy,v/2),
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Mooeni i 3acobu cucmem 6a3 oanux i 3HaHb

ne s € (O(p)\Ow,)UC (1, 15) -
Hexait p:S —>{true, false} — wacTkoBuii npemukar Ha MHOXHMHI psaaki. Ilix cenekuiero 3a mpeaukaToM P

Tabnuub cxemMu R po3yMmieTbCs yHapHa 4acTKOBa MapaMeTpUYHa ONepalis o g, sAka Tabauui sictasise ii mixradnu-
110, 1[0 MICTHUTH PSAAKH, Ha SIKUX NpEAUKaT [P ICTHHHHUH (KpIM TOTO, MpeauKaT P Mae OyTH BU3HAYSHUM Ha BCIX psil-

Kax TaOIUIli-apryMeHTy).
Otxe,

opr:Y(R) SY¥Y(R), domo g = {<!//, R> | ®(w) < dom p}, GpYR<<l//, R>): <1//', R> ,

ze (y,R)e ¥(R).

O0nacTi0 03HAYCHOCTI Omeparllii CeNeKIli € TabmuIl <1//, R> e ¥(R), sxi mictare psaaku S € S(R), na sxux mpe-
OUKaT-IapaMeTp celekuil P  Bu3HaueHWid. Hapmami po3rismaeMo TiIBKH —NPEIMKATH-TIAPAMETPH  BUIIALY

p(s) =true < p(s(A),....S(A,)) =true, ne p — HpeaMKaT Ha yHiBepcalbHOMY IOMEHi, a atpubytn A,...,A, Haie-

KaTb CXeMi psaKa S .

OcHOBa MyJIbTUMHOKHHH Pe3yJIbTyr040i Tabnuui BusHadaeTses sk: Oy ") ={s|s € O(w) A p(s) =true}, ne = —
y3arajbHeHa piBHICTb (TOOTO 00W/IBI YacTHHH 200 OJTHOYACHO HE BU3HAUYEHI 200 OJJHOUACHO BU3HAYEHI 1 PiBHI).

B 3arexHOCTI Bill 3HaYCHHS MpeaUKaTa Ha pAaKy S yci AyOJiKaTv LbOro psjaKa abo BXOISATH 10 MYJIbTUMHOXKH-
HU oTpuMaHoi Tabuuii, abo Hi: Occ(S, i) =0cc(s,y), ne s O(y') . 3a3HauNMO, 10 OTEPaIisl CENEKIIii He TOPOIKYE

HOBI IyOTiKaTH psaKa.
Hexait X < A — ckiHueHHa MHOXHHA aTpuOyTiB. [1i1 NpoeKIiero 32 MHOKHHOIO aTpuOyTiB X TaOJUIb CXeMHU

R posymieThcs yHapHa HapaMeTpHYHA ONEpalis 7y g , 3HAYCHHAMH AKO1 € Tabmumi cxemn R X, mo ckmanarotses 3
oOMekeHb 32 X pSAKIB BUXiTHUAX TaOJHIIb.

Orxe, 7y g . P(R) > P(RNX), 7Z'X'R(<l//, R>): <1//’, RN X> , 1€ <l//, R> e¥(R).

OcHoBa MynbTUMHOXKHHA ' Bu3HadaeThes sk O(y') ={s| X |s € O(y)}.

JyOmikaTy psiaKiB, sIKi 3°SIBUIIMCS ITICJIsi BUKOHAHHS OIepalii, He BUWIy4aroThesl. KUTBKICTh TyOIiKaTiB KOXKHOTO
pAaKa BU3HAYAETHCS 332 (HOPMYIIOIO:

Occ(s', )= >.0cc(s,y), ne s'eO").

se®(y),
s|X=s'

Ilin 3’enHanaaM TabmuLb cxeM R;, R, po3ymieTscs OiHapHa mapaMeTpuyHa onepanis & , 3HAUCHHAMH AKOi €
Rl'RZ

tabmuni cxemu R; UR,, 1m0 ckianatoThes 3 yeskux o6’ €IHaHb CYMiCHHX PSIKIB BUXiTHUX TaOIHUIIb.
Orxe,

R@% TW(R)x ¥(Ry) > Y (R URy), <l//1:R1>R®R (W2 Re) =(w' RiUR,),

ze <l//1, Rl> eY(Ry), <1//2, R2> € ¥Y(R,) . 3MICTOBHO Ka)Ky4H, KOXKHHUH PANOK 3 Wq 3’€IHYETHCSA 3 KOXKHHUM PSJIKOM 13
W, , HE3aJIEXKHO BiJ TOro — nyOIIikar 1ie 4M Hi.

OCHOBOIO MYJIbTUMHOKHHU /' € MHOKHHA PS/IKIB
O(y') = 18'] 3,35, (5, € Oy1) S, €O(wy) AS >, AS'=5.US, ).

Kinbkicts gybnikaris 3Haxoautses Tak: OCC(S',w') =0cc(S'| Ry, y;)-Occ (S'| Ry, w5), ie S'eO(y') .
Bgenemo omnepariiro nepeiiMenyBanss. [1in nepeliMenyBaHHsIM TaOIHIb cXeMH R pO3yMi€ThCs yHapHa mapame-
TpuyHa onepauis Ry g, ae & A5 A — in’exTHBHE BiJ0GpakeHHS HA MHOKHHI aTpUOYTIiB, IO 3/ifiCHIOE TIepeiiMe-

HyBaHHS aTPUOYTIB BUXIAHUX TaOJUIl 3TiTHO 3 BimoOpakeHHsM-mapamerpoM & . IlepeliMeHyBaTH TAOJIHUIIO O3HAYAE

nepeiiMeHyBatu aTpuOyTH ii cxemu, TOOTO mepeiiMeHyBaTH psiiku Tadmuni. [lepeliMmenyBaHHs psAKiB Oyaemo 31iiic-
HIOBATH BiqIOBiIHO /10 [6].
Hexaii 17: A— A — Qynkuis nepeiimenyBanHs arpuOyTiB. [1ix nepeiiMeHyBaHHIM psIKiB, IO BiIIOBiaE QyH-

Kilii nepeliMenyBanHs aTpubyTiB 77, po3ymieThes Binobpakenns Rs, 1S —S’, Rs, (s) = {<77(A), S(A)>| Aerf S}, pu-
gomy 77=&Uid agom: -

Cxema R wHasuBaetscs & -momyctumoro, ko E[R]N(RVdomé) =G . Tyr £[R] — nosHuit 06pa3 MHOXKUHU
R BigHocHo dyukuii &. Muoxuny Tabanub cxemn R, ne cxema R & -ponycruma nosnaanmo ¥y (R) .
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ITin mepeiMeHyBaHHSM TaONHIb CXeMH R , 110 BiJMOBifae iH €KTHBHIM YaCcTKOBIH (QYHKIII mepeiMeHyBaHHS
atpubyTiB &:A—> A, posyMieTbCsl yHapHa NapaMeTpuiHa omepauis Ry p 3 001aCTI0 03HAYCHOCTI ‘{’g(R) , 3Ha4YeH-

HSI KO 3a[1af0ThCS TAKHM YHHOM: R!//éR«l//, R>): <RS,7[1//],77[R]>, ne w e¥:(R), n=~5Uidagomss Rs,[w] — mos-
HUi 00pa3s MyJIbTHMHOKHHN 3 0CHOBOIO O(y) BinHOCHO QyHKwii RS, .
OcHOBOIO MynbTHMHOXKHMHH RS, [y/] € nosuuii 06pas MHOXHHM O(y) BigHOCHO (QYHKIIT Rs, r- A KiIBKiCTB

IyOJTiKaTIB PsIIKa Y PEe3yNbTYIOUii TaOIHUIl 3aTa€ThCS PIBHICTIO

Occ(s’, Rs,, [a//]): Occ(s,y),

-1

ne seRs,*(s), s'eOW).
BBeznemo ormepaitito akTHBHOTO JIOTIOBHEHHS. J{JIs IbOTO BBEJEMO JEKiJIbKa JOIIOMDKHHUX MOHSTE.
AxTHBHUM foMeHOM atpubyta A€ R BimHOCHO Tabnuii <1,y, R> Ha3MUBA€ETHCS TaOIAIISA

Day =7gmr (<‘/’ R>)

Hacuuennsam tabmuri <1//, R> € Ta0TuIs

Cllw.R))=7gaym (v, R)){ RPN GO L (v R)).

ITin akTMBHUM JONOBHEHHAM TaONuLi cxeMd R po3yMieTbcs yHapHa apaMeTpUyHa OIepalis ~g , sKa TabauIi
3iCTaBJIsIE€ IOTIOBHEHHS B 11 HACHYEHHI.
Orxe, ~g:

W(R) > P(R), ~& (w,R))=Cllw,RI\% (w,R), ne (w,R) e ¥(R).

TBepaxenHsi. MaloTh Miclie HACTYITHI TBEPPKEHHS:

1) Oymp-skuii BUpa3 MyJIbTUMHOXHHHOI TaOMUYHOI anreOpy MOXKHA 3aMiHHATH CKBIBAJICHTHHM HOMY BHPa3oM,
SIKF BUKOPUCTOBYE JIMIIIE OTIEPallii CENEeKIil, 3’ € THaHHI, IPOEKIIil, 00’ €THAHHA, PI3HUII Ta IepeHMEHyBaHHS;

2) Oyab-SIKUiA BEpa3 MyJIbTHMHOKHHHOIT TaOIMYHOT anreOpH, sIKHi MiCTUTH JIUIIE CKiHICHHI TaOJHI MOXKHA 3a-
MIHUTH C€KBiBaJICHTHHM HOMY BHpPa30M, SKHH BUKOPHUCTOBYE CTali TAOIUIl 3 €JHHAM aTPUOYTOM i €IUHHM PSAKOM,
omeparii cenexIii, 3’ € JHaHHs;, MPOEKIIil, 00’ eTHAHHI, Pi3HULI i mepeliMeHyBaHHS.

ArperaTHi onepauii

[Iupoko BMKOPHCTOBYBaHMMHM arperaTHMMH omepauismu € Sum, Avg, Min, Max, Count. Taxk, onepauis
Sum pospaxoBye cyMy 3Hau€Hb y BiJANOBiHOMY CTOBILI 3a1aH0i Tabuui, npu npomy 3Hadedns NULL irnopyrors-
cs. Onepaniss AVQ BusHauae cepejHe apupMeTHYHE 3HAYEHb Y BiJANOBIIHOMY CTOBIILI 3a7aHOT TaOMNMIll, P ILOMY
sgauennss NULL irsopyrorses. Onepanii Min ta MaX 3uaxonsrs HaiiMeHine Ta Haiibijble 3HAUEHHS Y BiImoBij-
HOMY CTOBIII 3a1anHoi Tabmuii, npu usomy 3Hauenns NULL rtak camo irnopyrotscs. Onepauis Count susnauae
KinbKicTh 3Hauenb, BinMinaux Bix NULL , y Bigmosianomy crosmui 3ananoi ta6auii. Onepauis Count(*) susnauae
KUTBKICTH PSZAKIB Y 3a/1aHiH TaOIuUIIi.

Hexait <1//, R> € WY(R), npuuoMy  — CKiHUEHHa MyJbTUMHOXHMHA 1 A — neskuii atpudyt cxemu R, AeR.
[To3HaunMo Yepe3 &, — MYJIBTHMHOXHHY, sIKa MICTHTB BCi €JI€MEHTH CTOBIIIA 3 aTpubyTomM A Tadmmui <1//, R> . Tomi

ap=Dp,, ne DA,y/:ﬂA,R«V/v R>) — aKTHBHMH JoMeH arpubyra A BiIHOCHO TabmMIi <1//,R>. Hexaii

23‘ ={o|O(cx) € 2P} — cim’st BCiX MyJIBTHMHOKHH, OCHOBH SIKHX € CKIHUCHHHMH i IMHOXXHHAMH MHOXHHH D'; TyT
D'c D — migMHOXXHHA YHIBEpCAIBHOTO JOMEHY.

Hexaii Num — guciioBa miIMHOKHHA yHIBepCaabHOro goMeHy D, 3aMKHEHa BiIHOCHO JomaBaHHS. MHOXHHA
Num posmmpena BkimtodeHHM ocobnuBoro enementa NULL , ane npu npomy orepaltisi JoAaBaHHS Ha BUIATOK, KOJIH
xo4a 6 oxuH 3 aprymenTiB € NULL He posmmproeTscs.

3asamo arperatHi oneparii Sum, Avg, Min, Max, Count . IxniMu aprymeHTamu € ckiHueHHi TaGIHIl, a 3Ha-
YEHHSIMHU — OJHOATPHUOYTHI TaOJUIl 3 OAHUM PSAKOM. 3arajibHa cXeMa: CIIoYaTKy Ha CKiHY€HHIH MYyJbTUMHOXWHI BU-
3HAYAIOTHCS (PYHKIIIT CyMyBaHHS, B3ATTsS HAWMEHIIOTO Ta HAWO1IBIIOT0 3HAYEHHS, BU3HAUYCHHS CEPEIHBOTO apuPMeETH-
YHOTO 1 KUTBKOCTI €JIEMEHTIB, a MOTIM I1i PyHKIIIi HepeHOCATHCS Ha TaOIHUIII.

ITin onepamiero arperyBanHs SUM, g 3a atpubyrom A (ckiHueHHux) Tabmuub cxemu R, A€ R, posymieTnes

YHapHa rnapamMeTpuiHa OIeparlist BUTIs Ly
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Sumag 1 W(R) > PEAY), Sumaz((v,R))= <{{<A, Sum(aA)>}1}{A}> ,

ze (w,R)eW¥(R),a Sum — ¢yHKis, WO nOBepTaE CyMy 3HaueHb CTOBIS 3 aTpuOyrom A Tabmuui (v, R) (ui 3na-

YECHHSI MOXYTh MOBTOPIOBATHUCH), sIKi Bifpi3HstoThCs Bif 3HaueHHs NULL, kpim Toro, 1ei CTOBMHENh MICTHThH JIUIIE
naHi grcnoBoro tumy. OTxe,

NULL, sxuo O(a,) =<,
Sum(as) =< NULL, sxmo O(er,) ={NULL};

D daa(d), sxmo O(as) \{NULL} = @.
de®(a,)\{NULL}

BepxHiii ingekc 1 Bka3ye Ha Te, IO PSIIOK {< A Sum(aA)>} BXOJIMTh Y PE3yJIbTYIOUY TAOJIHIIO JIUIIC OJHH pa3s,

TOOTO KIJIBKICTh MyOIiKaTiB JAHOTO Psi/IKa JOPiBHIOE OTHHH.
Takum unHOM,

k
Sum(Z,,) = NULL, Sum{NULL"}) = NULL, Sum({dfl,...,d;‘k })=Zdini ,
i=1

B IIPUITYIICHHI, IO Bci enneMeHTH d; BimpisHMIoThCS Bix emementa NULL.

Jlyis BUMAIKy MOPOKHBOT TAOIHITI <1//® , R> OIlepallist arperyBaHHs SUM, g 3aCTOCOBYETHCS TaK:

Sump (o, R))= <{{<A, NULL)J! },{A}> .

Ipuxnao 1. Cepen cTy#eHTIB (i3UKO-MaTEeMaTHIHOTO (PaKyIbTeTy OyiIo IMpOBENCHO aHOHIMHE OIMHMTYBAaHHS Ha
BHU3HAYCHHS piBHSA caMOOIiHKH. [IpoaHani3oBaHO BinNOBiAl 6 yYaCHHKIB BHOpAHHMX TOBLIFHHUM YHHOM 3 KOXXHOTO (ha-
kynbretry. Jlani BioGpaxeni B Tabmuui (@M, R), ne R={A B,C,D} (mus. TaGmuio). Atpubyru cxemn R — ne 3a-
MMUTAHHS, TaHi B TAOJMHUIAX — II€ BiAIOBIl CTYICHTIB.

3anuraHHs (aTpudyTH):

A — uu TypOyetecst Bu 3a cBiil cuxiuamii ctan?
B — un TypOyeTecs Bu po cBoe MaiiOyTHE?
C — 4u Ooitecss Bu BUCTYIaTi 3 NPOMOBOIO Nepe]] He3HAHOMUMH JIFOIbMU?
D — un gacto Bu pobure momMuiku?
BapianTtu Biamosimi:

1 — gacTo;
2 — iHoi;
3 — pizko;
4 — gikonw.
Taomus
A B C D
2 4 3
4 2 3
4 2 4 3
4 3 3 2
4 3 3 2
3 3 3 1

Ilo3naunmo PAAKHA:

s ={<A4><B,2><C4><D3>}, s, ={<A4><B3><C3><D,2>},
S; ={<A3><B,3><C3><D]l>},

Tomi @M ={s?,s5,s3}.
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Toxmi B pesymbrari 3acTOoCyBaHHS oOmepamii arperyBands SUM,p 10 TaGmwii <CDM , R> 3a aTpubyTaMu

A, B,C,D orpumaemo Tabmumi:
Sumpg = <{{A, 23}}:{A}> , SUmg g = <{{B, 15}}:{B}>1
Sume g = ({{C, 23}{C}), Sumpr = ({{D,14}}{D}) .

Hexaii < — niniiinnii nopsnok Ha yHiBepcanbHoMy nomeni D . ITix onepamieto arperysanns Miny g 3a atpu6y-

ToM A (ckiHueHHHX) Tabmuip cxemu R, A€ R, po3ymierscs yHapHa apaMeTpyUyiHa Olepariist BUTJLy:
. . . 1
Min, g - W(R) > WA, e Mingg((w,R))= <{{<A, Min(a )} | {A).

IpUIOMY <1//, R> e Y(R), a Min — ¢yHKis, 1110 moBepTae HaAMEHIIIe 3HAYCHHS Cepell 3HAUCHb CTOBMILI 3 aTPUOYTOM

A Ttabinni <(//, R> , Bimminaux Bix 3Hauenas NULL, to6ro Min: 23 —>D,

NULL, srxwo O(ap) =9;
Min(as) =9 NULL, sxwo O(a,) ={NULL};
min{d |d € ®(aa) \{NULL}}, axuo O(a ) \{NULL} = <.

Takum uuroM, Min(J,,) =NULL, Min({NULL"})=NULL, Min ( e dy }): min{d,,...,d, }, B mpumy-
IIeHHi, 110 Bci eneMeHTH d; , i :ﬁ , Bipi3HsroThCs Big enementa NULL .

J1yis BUMAIKy MOPOKHBOT TAOHITI <y/® , R> omepatist arperyBaHasi Min, gz 3aCTOCOBYETBCS TaK:

Miny g ((tz R))= <{{<A, NULL>}1}{A}> .

Ipuxnao 2. PosrnsHemo Tabmuigo i3 mpukiaga 1. 3acTocyemo omepaniro arperysanas Min AR A0 Tabmui

<®M , R> 3a arpubyramu A, B,C,D orpumaemo tabmmii:
Min, = ({{A 31}.{A}), Ming = {{B, 2}}.{B}).
MinC,R = <{{C! 3}}1{C}> J I\/IinD,R = <{{D1 1}}!{D}> '

ITin onepamieto arperypanns Max,p 3a arpubytom A (ckinueHHHX) Tabiuipk cxemd R, AeR, posymieTbes

yHapHa rapameTpuyHa orepariis BUrJIsy:
. 1
Max s : ¥ (R) —> P({A}), Max (. R))= <{{<A, Max(a,)) }{A}} ,
e <y/, R> e¥(R), a Max — ¢yHkuis, mo noBeprae HaiOiNbIle 3HAYCHHS cepe]] 3HAYEeHb CTOBII 3 aTpuOyToM A
TadIMLi <1//, R> , Bigminaux Big NULL, Tobro Max : 22 - D,

NULL, skmo O(a,) =,
Max(cr,) = NULL, skmo O(a,)={NULL};
max{d | d € O(arp) \{NULL}}, sixmo O(an) \{NULL} = 2.

Takum unnom, Max(J,,)=NULL, Max({NULL"})=NULL, Max({dlnl,...,d,fk })= max{d,...,d, }, B mpumy-
IIeHH], O Bei eneMeHTH 0, i ~1k, BiapisHsroThes Bij 3HaueHHs NULL.

Jl1s BUIa Ky OPOXKHBOT TaOJIHIT <y/® , R> omepanis arperyBanHs MaX, g 3aCTOCOBYETBCS TaK:

e (v, )= (A UL ).

Ipuxnao 3. 3actocyemo omeparniio arperyBanus MaX, z 10 TaGmiui <<DM ,R> 3a arpubyramu A, B,C,D

OTPUMAEMO TAOJHIIL:

MaXA,R = <{{Av 4}}1 {A}> ' MaXB,R = <{{B! 3}}!{B}> )
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MaXC,R = <{{C1 4}}!{C}> ' MaXD,R = <{{D1 3}}!{D}> '

3aznaunmo, mo ¢yakuaii Min Ta Max Bu3HaualOTh HaWMeHIIHMH a00 HAHOIIBIINI €IEMEHT OCHOBU MYJIBTHM-
HOKUHU ¢, cepejl eleMeHTiB ocHoBH, BinMiHHUX Bint NULL, Tomy mopiBHsHHICTH ocoOnuBoro exementa NULL 3
PELITOIO EIEMEHTIB YHIBEPCAIBHOTO JOMEHY B JaHOMY BHIIa/IKy HEICTOTHA.

ITin onepamieto arperypanns Count, p 3a atpuOytom A (cKiHdeHHMX) TaOnmuub cxemu R, Ae R, posymieTs-

Cs YHapHa nmapamMeTpuiHa onepauiﬂ BI/Irﬂﬂﬂy:
Count, g : P(R) - W({A}), County g (<y/ R)): <{{< A, Count(oeA)>}l }{A}> ,

ze <1//, R> e ¥Y(R), a Count — ¢ysKis, oo moBepTae KiNbKicTh 3Ha4eHb, BiqMiHaNX Bix NULL , 3 ypaxyBanusMm ny6-

JKAaTiB, y CTOBMII 3 aTpuOyToM A Tabimui <1//, R> , TOOTO:

Count:25 —»Z,, Count(a,)= Saa(d);
de®(an){NULL}

MOKJIAIA€ThCS 32 O3HAYCHHSIM, 1[0 CyMa MOPOKHBOT MHOXHHH JJOAAHKIB JOPIBHIOE HYIIIO.
Takum aunom, Count(,,)=0, Count({NULL"})=0, Count({d IR T })= M +...+ Ny, B OPHUITYIICHH], 110
Bci enementy d;, i :1,_k , Bimpi3HArOTECA Big enemenTa NULL .

Jnst BUnaaKy moposkHbO1 TabmuIi <y/® , R> omeparis arperysanns Count, p 3aCTOCOBYETBCS TakK:

County (v, R)= ([ A0)} }03).

Ilpuxnao 4. 3actocyemo onepalito arperysanns Count,p 1o Tabaumi <<DM , R> 3a atpubyramu A, B,C,D

OTPUMAEMO TaOHII:

CountA,R = <{{A! 6}}!{A}> J CountB,R = <{{B’ 6}}!{B}> )
Counte r = ({{C, 6}}.{C}). County 5 =({{D, 6}}.{D}).

[MpumycTrmo, mo yucioBa miaMHoxuHa NUM yHIBepcalbHOrO TOMEHY 3aMKHEHa BITHOCHO (4acTKOBOI omepa-
mii) mitenss /: Numx Num = Num. JIOBH3HAYMMO OTIepallifo JUICHHS TaK, IO KOJH MEepIIHA arpyMEeHT IOPiBHIOE
NULL, To ¢pyskuis npuiimae 3Havenas NULL .

ITin onepauiero arperysanns Avg o p 3a aTpuOytom A (ckindenHHX) Tabauip cxemn R, AeR, posymieTbes

yHapHa mapaMeTpHyYHa OIepallist BUTIISAY:
A 5 R > VAN, A s R)= (A Al 09),

e <y/, R> e¥(R),a Avg — dyHKIis, mo moBepTae cepegHe apudMeTHIHEe 3HAUCHHS SJIEMEHTIB CTOBIIIS 3 ATPHOYTOM

A Tabnuui <1//, R> , Kl Biipi3HstoThes Bix 3HauenHss NULL , 3 ypaxyBanHsM ayOsikariB, ToOTO!

Avg : 2N s Num, Avg(ar,) = Sum(a,)/Count(az,) .
TakuM 4MHOM, 3 O3HAUEHHS BUIUIMBAIOTH PIBHOCTI

AVY(D,,) = Sum(D,,)/ Count(S,,) = NULL/0 = NULL,

Avg ({NULL"}) = Sum{NULL"})/ Count({NULL"}) = NULL/0 = NULL,

Avg ({dfl,...,dfk }): Sum({d{‘l,..., dy })/Count({dl”l,...,d‘i1k }): mgdini ,

B IIPUITYIICHHI, IO Bci eneMenTH O; BinpisHsoThes Bin enementa NULL.

Jnst BUnagKy oposkHbO1 Tabiuii <y/®, R> omepalis arperyBaHts Avg , p 3aCTOCOBYETBCS TaK:

A asllyo R)= (A NULLIF.043).
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IIpuxnao 5. 3acTocyemo onepaniro arperyBants AVg g 10 TaOIuII <(DM , R> 3a atpudyramu A,B,C,D otpu-

MaeMO TabIuIi

AVG 5 = <{{A, %}},{A}>  AVgg R = <{{B, %}},{B}> ,

Avgc g = <{{c, %}},{C}> Ao g = <{{D, %}}.{D}> .

ITin onepaniero arperysanus County g (*) (CKiH4EHHMX) TaONMMIL CXeMU R pO3yMi€ThCs yHapHa NapaMeTpHIHa

oreparis BUTISAY:
Count, g (%) W(R) - ¥{A}), County z(9)((w,R))= <{{<A, ||W||>}1},{A}> :

IPH IIbOMY <y/, R> e¥(R),a ||W|| — IIe PaHT MyJbTAMHOKUHH I/ .

Jnst BUnagKy moposkKHbO1 Tabmuii <z//®, R> onepais arperyBanss Count, g (*) 3acTOCOBYeTBCS Tak:

Count, ¢ ()(w. R))= <{{<A ||®m||>}l},{A}> - <{{< A,0>}1},{A}> .

Tpuxnao 6. 3actocyemo onepaniio arperysarns Count, g (*) no Tabmuui (@M, R) 3a atpuGyramu A,B,C,D

OTPUMAEMO TaOHII:

Count g (*) = ({{A 6}}.{A}), Countg g (*) = ({{B, 6}}.{B}),
Countg g (*) = ({{C, 6}}.{C}), Countp, g (*) = ({{D, 6}}{D}) -

BucHoBku

BuznaueHo gopmanbHy MaTeMaTHYHy CEMAHTHKY arperaTHHX onepauii HaJ TaOJHLsIMH SK MyJbTUMHOKUHAMHU
PSIKIB OJIHIET CXeMHU, sIKa MPOLTIOCTPOBaHA IPUKIAIaMU 1X BUKOpHCTaHHs. [IJis 3alaHuX arperaTHUX omnepariil mapame-
TPOM BHCTYIIA€ JIMIIE OJUH aTpHOYT, MPOTE OTPUMAaHI pe3yIbTaTH MOKHA PO3LIMPHUTH HAa BUIA/IKU, KOJIU IapaMETPOM €
nesika (GYHKIIsI Haz psaikoM. Pe3ynbratu poOoTH MOXKYTh OyTH BUKOPUCTaHI B TEOpil y3araJibHEHUX TaOJUUHUX anreop.
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